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ON THE COMPOSITE. 

By Peof. W. H. Echols, Charlottesville, Va. 

1. In the first part of my second paper " On Certain Determinant Forms 
and their Applications " a general form of the Composite (11) was given, which 
was 






jyp ' fiVp ' 



O^fx,, O'^f.x,, 
in which was the symbol of differentiation D, and* 



• > Jnyi ) Jn+lVl 



fnVp ) fn+li/p 



.,0,1 



(a) 



^ ' ax 



JX , JiX , . . . , /n'X" 

/2/l , M , • • • . fnVl 

JVp > jxVp ) • • • > jnyp 

O'M , O'fiXi , ..., ()%x, 

^'A> O'M, ■■■, 0%x^ 










!<'>« 



^Jv'^gt • • • ) ^yn+l-*;; 



.(b) 



2. I propose now to show that the same formula holds good when is the 
symbol J of Finite Differences. 

In my first paper, at the bottom of page 109, 1 deduced the formula 

hT{u) =fa- C^:J{x - A) + . . . + c„,.f{x -rA) + ... + {- irf{x - nh), 

On,,- representing the binomial coefficient, and n some value of *' lying between 
x and x — vh. 



*In (\\), -,- was given as K^ ! . It is so easy to extend the operation to 

^ ' Idxj x-u ^ Idx) x = u ' *^ 

n = p-\-q that we do not give it here. 
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The second member of this equality is the well known interpolation for- 
mula of Finite Differences (Boole's Finite Differences, p. 19), and its value is 
known to be d^fx. We have, therefore, 

z/yx- = Ay(w) . (c) 

Lagrange's form of Eolle's theorem, written in this notation is 

dfa^hf\v). 

Therefore the above may be regarded as the proper generalization of La- 
grange's form, a formula which we now require in our analysis. 

Let 0^ J, the symbol of Finite Differences. Let M and N be the minors 
of 1 and ^(") in (a)> respectively. Put 

where H is some unknown function of x, and let this equation become 

M, = (- l)"iV„7?„ , 

wherein we have substituted for the variable x some arbitrary constant «„. 
Consider the function 

We have J^^O when a; = *o> 2/i> • • • > J/p ! therefore the first derivative J^' = 
for J) values of x, say m,, . . . , u^, lying respectively between each pair of values 

«o, yi ; 2/., ^2 ; ■ • • ; %>-i. %>• 

Now Ji^=: when x = a*,. Hence (if the scale of difference be h), since 
we have JMe = hF'{ii) {u lying between x and x -\- A), we must have T'" =: 
for some value of x between «, and a;, + A, say Xi -\- A,. Therefore J*" vanishes 
p -\- 1 times at the values indicated. It follows, therefore, that J^" vanishes p 
times, once between each pair of values %, ii^; . • . ; Mj,_i, Vp ; Up and x^ -f /ly, 
say when x = u\, . . . , u'p. 

Again, since we have 

J'Fx = hW'iii) 

(u between x and x -{- 2A), and since d^F^= when x = x^, then must F" = 
for some value of *■ between x^ and x.^ -\- 2/;, say x^ -j- h^. F" therefore 
vanishes p -\- \ times for values of x lying between the pairs of values 
u\, u\; . . . ; u'p_i, u'p ; u'p and x^ + h^. 

Eeasoning in the same way, we proceed until we show that the i^^th deriva- 
tives of F vanishes j» + 1 times for values of x which lie between determinate 
limits ; and that, finally, the {p -\- q)i\i or wth derivative of F vanishes once 
for some value of x, say u, which lies between the greatest and least of the 
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If we put 
then 



quantities 

»o. Vi, ■ ■ ■ , Vp, ^i + K • ■ ■ , «, + qh ; 

so that we have 

F^^^S*" = M,"^J'+'' ~ (- 1)" iVj'^J'+« 7?„ = . 

and since «„ is arbitrary we may drop the subscript and write 

M={— 1)" 0{-u) If, 
which is formula (a). 

It is to be observed that when in (a), O ,r- D, the symbol of differentiation, 
u lies between the greatest and least of a-, «,, . . . , «,, y^, ■ . . , y^. 

3. The rationale of the process illustrating the application of the com- 
posite for differentiation to the expression of functions in an infinite series of 
other functions may be presented thus : — 

Let there be two functions fx and 



n-l 
I 






Let the difference between these two functions be R, so that 

/« = ^0 + ^ifl* + • • • + ■A-n-xfn-v" -V R • (C) 

, a„ be certain arbitrary values of the variable x, and let us have 



Let «,, 



/«. 



^0 + -4,yj,a, + . . . + ^„_iy'„_i«i + ^1, 1 



> (d) 

I 

/«n = ^0 + -^.f 1«» + • • • + ^n-lf r.-l'^'n + A- J 

In these n relations (d) there are n undetermined arbitrary quantities 4,,, A-^, 
. . . , A„_j. Let us determine these so that we shall have ^i = 0, . . . , Jin = f*- 
Thus, the value of A,, which satisfies this condition is 

/«1 , 1) ^l«l , • ■ • . f r-l«l > fr+iai , • • • , f „-l«l 



A =(-ir- 



/«„, 1, <pia„, . . . , ^r-l«n, fr+l«n. • • • , f n-l«n 



l,fl«l. •• •, fn-l«l 



1, <pia„, . . . , (fn^-fin 
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Consider the A coefficients to have these values. Taking now the n -\-\ 
relations (c) and (d), we have for the value of R, 



fx , 1, fiX , 






/«„, 1, <pia„, . . . , <p„_ia„ 



1 , ^irt, , . . . , f n-iOSi 



li. 



(e) 



1 , fi^n, . . . , <p„_ia„ 

We observe that the expansion of the determinant in the numerator of this 
ratio, according to its first row, gives the coefficient of <p^ the value of A^ as 
determined above. We observe that this ratio for 7? takes the indeterminate 
form 0/0 when the a's approach a limiting fixed value a. In order to evaluate 
the limiting value of this ratio as the a's approach the limit a, we apply to the 
numerator and denominator the operator 



obtaining 



da. 






/* , 1, 


<PlX , . . 


• , <Pn-V« 


/« , 1, 


<pirt , . . 


■ , ' fn-ia 


/'« , , 


f\'l , . . 


• , f 'n-l« 


/"-•«, , 


fx'^a, . 


• , <-",'« 



fxa , 



= E. 



f n-l« 



K~'«. 



, <pS-ia 



(f) 



It is to be distinctly observed that in this process we do not require the 
i>— 1 
functions^' and 2' A^f^^ to have a contact of the {n — l)th order at a; = a in 



order tliat we may equate their first n — 1 derivatives when x — a. What we 
require is merely that the functions fx and f^ (?• = 1, . . . , » — 1) shall each 
have a determinate derivative at a; = a, up to the in — l)th operation. Of 

n-l 

course if fx and 2' A^f^ have an (n — l)th contact at a, then our value for M 
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holds true as well ; but it is not dependent on such a relation, it simply in- 
cludes it. 

If now, the successive functions f^ (?■ = 1, . . . , w) may be formed in suc- 
cession indefinitely according to a given law, so that we may make r in f,x as 
great as we choose ; then, if it can be shown that R has for its limit 0, as r 
becomes infinite, and at the same time the ^'s have limiting values such that 

lAyf^ is a convergent series, then we may write 

fx=^ %-{- A^f^x + ... ad. inf. 

The value of Ji has been shown, by the composite, to be 



\ , f^X , . . . , (fnX 

\, f^a , . . ., (f^a 

, (p\a , . . . , (p',fl 

, fr'a, ..., fr'a 






fx , 


1, 


(f,X , . 


■ . f n-l« 


fa , 


1, 


(f,a , . 


• , f n-l« 


fa , 


0, 


f\a , . 


• , f'n-ia 


r-'a, 


0, 


fi"-'«, • 


• , f « -l'« 



fl« 



f «-l« 



f:-''a 




-(g) 






The second factor of this is evidently 
fa , (p;a 




4. In order to fix these ideas, let us take a concrete example illustrating 
them. Let it be desired to expand a function in integral powers of the vari- 
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able. We have by (e) 



fx, 1 , « , . . . , a;"""' 

/«!, 1 , «i , . . . , <-' 
/«„, 1 , ff„ , . . . , <-' 



(eO 



which becomes, after applying the operator 

and dividing the numerator and denominator of the result by (« — 1) ! !, 



A , 1 , 1-. , . . . , 



(«-l)! 



1 ! ' • • • ' (n - 1) ! 



fa , , 1 , . . . , 



(m — 2) ! 



A -/« - ^^fa - ... - |-^/'-« . (f ) 



/"-'«, 0, , ..., 1, « 

The value of this expression is, by the composite through (g), easily seen to 
be 

(a — of j.^^^^^ ^ ^^^ between x and a) . (g') 

Thus, we pass from Lagrange's interpolation to Taylor's series. The value of 
(e') is known to be 

(« — «,)... (x — «„) ^ - , 

u lying between the greatest and least of x,a^, . . . , «„ ; and when the a's are 
equal to a, this becomes (g') the expression above given by (g). 

The most interesting application of the composite for Finite Differences 
is to factorial functions or faculties ; this we defer for the present. 

Another and, in some respects, more satisfactory way of looking at the 
expression of a function y* in an infinite series of functions tf^x, f^', . . . , may 
be presented as follows. Consider 

fx = A„ + A^(f^X+...-\- An_i fn-iX + Ji , (I) 
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f{y + So) = ^0 + A^ifiy + 2o) + • • • + ^n-l ^n-X iy + 2o) + ^0 1 

/(y + 2a, = ^0 + ^, f,(y + 23,) + . . . + ^„_, ^„_, (2/ + 23i) + E, 1 



/(2/- 



^0 +-^lfl(y + 'ISn-l) + • • • +^r.-lfn-l(y + WSn-l) + -^„-l , 



(11) 



In the n relations II we have n undetermined quantities A^, . . . , A^-i- Let us 
determine these so that the functions fx and I Aytf,.x shall coincide for the n 
values a; = y + S(„ . . . , y -|- >*2'„_i, or, what is the same thing, so that li^ = 0, 
. . . , ^„_. = 0. 

The value of A,, which satisfies this condition is 



.1).- 



f{y + 2«) , 1. fi{y + 3») . • ■ • . <Pr-i{y + ^o) . <Pr+i(y + «o) . • • • . <Pn-i{y + ^o) 



f{y + "2n-l), 1, ft(y + "2„-,), • • • . ^r-i(y + ^^n-l), Pr+llV + "2„-l), • ■ • , <Pn-i{y + "^n-l) 



1. PlCS^ + «o) . • ■ • . fn-l(«/ + So) 



1, fl(.y + ''3n-l), • • • , <fn-l{y + «S»-l) 



= • (III) 



Let us consider the ^'s in I and II to have these values, then 



fx 



fv« 



f«-i* 



f{y + So) , 1 , fi{y + So) , — 9n-Ay f So) 



/(y + »Sn-l), 1 , <Px{y +«Sn-l), • • • , (Pn~i{y + »s„_ 



1 » ^1(2/ -t- So) , • • • , fn~l{y + So) 



= R. 



(IV) 



1 , ^,(y+?is„_,), . . . , f„_i(y+?)3,._,) ; 

Let nz=^y — w, y and i/) being fixed definite values of x. Let z^, z^, .. . , s„_, 
approach the value z, and therefore the value zero when n approaches infinity. 
Then when n = oo , the functions fx and I A^(p,.x coincide in an infinite num- 
ber of consecutive values of x between y and ^v. The above value of Ji, how- 
ever, in the limit takes the indeterminate form 0/0. For any finite number of 
rows after the first become identical, the elements in the rth column in these 
rows being all f,.y. Also, any finite number of rows from the bottom are 
identical, the elements in the rtli column in these rows all being f^^v. To 
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remove this iiideterminateness, we apply the operator 



I 



f d l"-i 



dz,\,_'" dz„, I ,_ ' 

to the numerator and denominator and divide by 2' . 3^ . . . ?<""'. We can 
now make s = by making w = oo without indetermination. 
Thus, we have 



fx , 1 , (f^X 

f{y + z) , 1 , (f,{y + z) 

f'{y + 1z) , , if^iy + 22) 



. . . , <f„_^X 

• • • , fn~l{y + 22) 



/'-'(y + rz) , , , ^,'-'(2/ + r s) , . . . , f^lHy 1 rs) 



yn-r-l(^ + 7l-r.z), , f,"-''~'(y + ''-r.^), • ■ ■ , 9nir\y + « - ?-.2) 



/"-'(y + m) , , fr\y + nz) 



, f,U\y + nz) 



R.(V) 



fi'iy + z) , • • • . <p'n-iiy + 3} 

^,"-'(2/ + nz), ..., <_7(y + nz) 

If now the coefficient of (p,x in the expansion of this determinant be deter- 

minate.when n = oo , so that the series 1' A,.(f,.x is convergent; then, when 
?i = 00 , and H is zero when x lies between y and w, the functions fx and 

oo 

2' J^r^r* coincide for all values of x between y and w;. The composite shows 
the value of B to be also 



1, <plX , ..., <p„x 

1 . fli!/ +2) , • ■ ■ , fn{y + 2) 



/"(y + 2^) , f /(y + 2?) , . . . , f„_,(y + 2s) 




^«-'(y + m), fr\y + nz), ..., f--\y + m) 



(V) 
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wherein u lies between y and w, when x lies between these values. 

If when ?i =: 00 , we have li and z infinitesimals of orders i and j respec- 
tively, the functions fx and ^ A^f^x are said to have coincidence between y 
and w of the {i — j -f l)th order and contact of the (^ — ^')th order. The 
cases i <j give the so-called " derivativeless " functions, the graph of 1' A^f^x 
for i <.J being a succession of infinitesimal vertical hachures, whose length 
is of order i, drawn on the continuous curve/a;, and separated by the infini- 
tesimal interval z, of order _/ > i. 

If the f functions be periodic functions having for periods w — y and 
submultiples of w — y, then, in general, fJS'y = <p^w. 

When we make n infinite, then, we have under these circumstances 



A, 


1, 


(f^X , 


f 2« , • • • 


fy , 


1, 


fiy. 


f 22/ , • • • 


f'y. 


0, 


f'i2/. 


f'-H, ■ ■ ■ 


fy. 


0, 


fi'y. 


f{y, ■ ■ ■ 



fiV, ny, 



fiy, <fiy. 



= 0. 



(VII) 



